Entanglement swapping between photon pairs is a fundamental building block in schemes using quantum relays or quantum repeaters to overcome the range limits of long distance quantum key distribution. We develop a closed-form solution for the actual quantum states prepared by realistic entanglement swapping, which takes into account experimental deficiencies due to inefficient detectors, detector dark counts and multi-photon-pair contributions of parametric down conversion sources. We investigate how the entanglement present in the final state of the remaining modes is affected by the real-world imperfections. To test the predictions of our theory, comparison with previously published experimental entanglement swapping is provided.
I. INTRODUCTION
Quantum cryptographic communication and quantum key distribution technologies have matured to a level sufficient for commercial applications. Yet, distance limits impact on their usefulness. To date, the only realistic proposals for long distance quantum cryptography are still based on optical systems. Light is an optimal candidate to be a carrier of quantum information because photonic quantum states are durable due to their generally weak interaction with the environment and are conveniently manipulated by means of linear optics and photon-detection. Moreover, photons are the fastest and one of the simplest physical systems for encoding quantum information. The technological challenge is to establish transmission channels over long distances with a high signal-to-noise ratio using real-world optical fiber settings or free space. Long distance quantum communication (LDQC) is hampered by a significant loss of photons with distance traveled. In particular, loss of photons due to absorption during transmission in fibers is characterized by the exponential rule t = 10 −αd/10 , where t is the transmission coefficient, d is the distance traveled and α is the loss coefficient of the transmission medium in units of dB. A further limitation to the development of quantum communication over long distances is a constant detector noise level dominating over the exponential decrease of the signal. In an effort to overcome these obstacles and range limits of LDQC, quantum repeaters [1, 2] or quantum relays [3] [4] [5] [6] [7] have been proposed, which comprise entanglement swapping [8] as a fundamental building block.
In principle, quantum repeaters enable any distance to be achieved. The basic idea of a quantum repeater is to split the long distance quantum channel into shorter segments and to distribute entanglement between the end nodes of these segments. Then, after purifying the noisy entanglement for each segment, the entanglement is extended over adjacent segments by means of entanglement swapping. The purification procedure is repeated for the extended segments, and the whole protocol reiterated until high-purity entanglement is established between the end points of the channel. A quantum relay works in a similar way as the quantum repeater, but without the entanglement purification procedure and without quantum memories. This makes it much more feasible as compared to the repeater, but does not allow achieving arbitrary distances [7] . With both schemes the signal-to-noise ratio can be appreciably increased. However, experimental realization [7] suffers from a number of imperfections, including imperfect sources of entangled pairs and imperfect detectors.
The impact of experimental deficiencies on the security of a quantum channel as well as on sifted and secret key rates in quantum key distribution (QKD) is of considerable relevance and has been the objective of a number of recent investigations. In [9] Brassard et al.
showed that channel losses, a realistic detection process comprising detector inefficiencies and dark counts, and imperfections in the qubit source drastically impair the feasibility of QKD over long distances. In particular, the implications of using attenuated laser pulses instead of idealized single-photon on-demand sources were examined, and it was shown that unconditional security is very difficult to achieve in long distance QKD based on a BB84 protocol [10] with such weak laser pulses. In the same work Brassard and coworkers obtained a more optimistic performance for QKD schemes based on parametric down-conversion (PDC)
sources [11, 12] . The consequences of using probabilistic photon-pair sources (as realized by PDC) instead of (non-existing) single-pair on-demand sources for quantum communication including entanglement based QKD have recently further been investigated, see [13] [14] [15] .
For LDQC employing quantum repeaters or relays it is particularly important to examine the issue of how the entangled quantum states after an entanglement swapping operation are affected by experimental imperfections. It is clear that due to these imperfections the actual quantum states deviate from desired Bell states and have to be described by some mixed states. The impact of transmission losses and detector inefficiencies as well as dark counts on the performance of quantum relays has been recently examined by Collins et. al. in [7] .
However, the probabilistic nature of photon-pair sources has not been considered in their work. As will be explained in the next section, the probabilistic nature of PDC also involves the possibility of multi-pair generation. Depending on the "brightness" of the sources, the emission of two (or even more) independent pairs of entangled photons from the same PDC source at a time becomes a more or less significant event leading to faulty detection clicks and incorrect conclusions with regard to entanglement and correlations. Thus, the multi-pair nature of PDC sources impairs a high fidelity realization of entanglement swapping. The investigation of the issue as to what extent the inevitable multi-pair contributions of PDC sources impinge on the performance of quantum communication protocols based on entanglement swapping, is the main motivation for the research presented in this article. The effect of multi-excitation events in PDC in addition to detector imperfections and transmission losses on quantum repeater performance has been examined perturbatively in the context of single-rail entanglement by Brask and Sørensen in [16] . Furthermore, the atom-light entangled states produced by Stokes scattering in the DLCZ-scheme [2] are very similar to the light-light entangled states produced in a non-degenerate PDC process, as both are twomode squeezed states. In works by Jiang et al. [17] and Zhao et al. [18] , which extend the original DLCZ scheme to dual-rail entanglement, the consequence of multi-excitation events has also been treated in a perturbative way. In our work we choose a different approach, which is non-perturbative and essentially simpler, as it uses only the very basic toolbox of quantum theory and the principle of Bayesian inference.
In this article, we elaborate on how the entangled quantum states after entanglement swapping are affected by experimental imperfections, particularly the multi-pair contributions of PDC sources. We provide a non-perturbative theory for realistic entanglement swapping with imperfect photon-pair sources as well as imperfect detectors. In particular,
we incorporate the multi-pair nature of PDC, transmission losses, and detector inefficiencies and dark counts non-perturbatively. Our theory enables us to obtain a closed-form analytic solution for the resultant mixed entangled quantum states after a real-world (noisy) entanglement swapping operation. To test our theory, we compare its predictions with actual experiments on entanglement swapping, that have been previously published elsewhere. For this purpose, we derive a closed-form expression for the probability of four-fold coincidences of four detectors, two for the Bell-state measurement and two for monitoring the remaining two entangled modes, one on each side, depending on variable polarization directions of analyzers. This result allows us to calculate numerically the visibility of four-fold coincidences for arbitrary parameter values characterizing real-world imperfections of the PDC sources and detectors. Finally, we inspect how the entanglement present in the final state of the remaining modes is affected by the practical deficiencies. The analysis makes it possible to suggest the implications of the imperfections on schemes using entanglement swapping as a fundamental tool, and to optimize parameter settings for maximum performance.
In addition to the imperfections of sources and detectors, further problems are encountered in a realistic entanglement swapping process. Imperfections of temporal overlap of the light fields on a beamsplitter as well as spectral mode mismatch constitute inevitable practical difficulties deteriorating the performance. Moreover, the entangled photon pairs prepared by two sources are expected not to be of the same quality. All of these problems would complicate the analysis and are not taken into account in the present study, but are planned to be included in our future work. Here, we would like to focus on implications of imperfect sources and imperfect detectors only. In this way, our considerations provide a very useful upper bound on the amount of entanglement after swapping. As for the influence of mode mismatch on the performance, we would like to refer the reader to models developed in [19] [20] [21] .
Our work extends the previous challenge [9] to the security of QKD protocols using imperfect sources as well as the investigations in [7, [16] [17] [18] . Efforts toward establishing reliable transmission of quantum systems over arbitrary distances will benefit from our careful analysis presented here.
This article is organized as follows. In section II we develop our theory of real-world entanglement swapping. A mathematical description of imperfect photon-pair sources and imperfect detectors is provided. Using these models we derive a closed-form solution for the quantum states after a realistic entanglement swapping operation. In section III we apply our theory to making predictions with regard to entanglement verification in terms of the visibility of four-fold coincidences and compare our numerical results with experimental entanglement swapping. We proceed with a discussion of the impact of experimental deficiencies on the entanglement of the resultant quantum state. We conclude with a brief summary and suggestions for future research in section IV.
II. A THEORY FOR PRACTICAL ENTANGLEMENT SWAPPING
A. Physical situation and setting
In this paper we develop our theory for entanglement swapping of photon-polarization qubits as an illustrative example. However, the main issues of the theory apply to any other photonic realization of qubits [22] and the results and implications are independent of the latter. The basic experimental situation is illustrated in The exits of the latter, denoted by b ′ and c ′ , respectively, are directed to polarizing beamsplitters (PBS) and then detected at four detectors: one for the H and one for the V polarization of each of the c ′ and b ′ modes. This set-up forms an interferometric Bell-state measurement [23, 24] . The four detectors are inefficient photon detectors subject to dark counts. Their readout is denoted by (qrst). Given this readout we are interested in the entangled quantum state of the remaining a and d modes depending on experimental parameters characterizing the deficiencies of the experiment.
entangled state, depending on the measurement readout of the Bell-state measurement. As a consequence, the photons in the outgoing a and d modes emerge entangled despite never having had an interaction with one another [8] . The entanglement previously contained in the a and b and the c and d photon pairs is swapped to the a and d photon pair.
As explained in Fig. 1 , in the case of polarization qubits a Bell-state measurement consists in combining the b and c modes at a balanced beam-splitter, then directing its output modes b ′ and c ′ to polarizing beamsplitters (PBS) and finally detecting the four alternatives c
The readout recorded by these detectors is denoted by (qrst).
Since a polarizing beamsplitter transmits horizontal and reflects vertical polarization, the readout "q" refers to mode c ′ H , the readout "r" to mode c The main task of this paper is to provide a model for an implementation of practical entanglement swapping. The goal is to model a realistic experiment with practical deficien-cies. In a real-world scenario, the PDC sources are imperfect, creating not exactly one pair of entangled photons, but a superposition of alternatives that also includes the vacuum, independent pairs of photon-pairs, and higher pair-number contributions. This has been investigated before up to second order, see e.g. [14, 15] . Furthermore, the detectors used to perform the Bell-state measurement are never perfect. They are usually inefficient to some degree, meaning that they sometimes do not detect existing photons. Detection inefficiencies are even further increased due to transmission losses between the source and detector.
In theory, the latter can always be effectively taken into account by being included in the detector inefficiencies. Moreover, the detectors are also subject to dark counts, meaning that they may click and indicate a detection event even if there are no photons incident into the detector. In this paper we will make a distinction between photon-counting detectors and detectors which cannot discriminate photon numbers. In each case, the recorded readout of a Bell-state measurement with inaccurate detectors will be denoted by (qrst). In the first case, the measurement results "q", "r","s" and "t" can indicate any photon number n ∈ N 0 , whereas in the second case they are records of yes/no events, namely either "at least one photon" or "no photons".
In what follows, we develop the basic ingredients of our theory. We begin with a theoretical description of imperfect photon-pair sources. We proceed by providing a detector model that takes into account arbitrary detector inefficiencies as well as dark counts. Using a Bayesian reasoning approach we finally derive the resultant quantum stateρ qrst of the remaining a and d modes in a realistic entanglement swapping experiment conditioned on the readout (qrst) of an inaccurate Bell-state measurement.
B. Modeling imperfect photon-pair sources
Ideally, a photon-pair source would create exactly one entangled photon pair on demand.
Such sources do not exist yet. Realistic sources are probabilistic generating photon pairs at random instances within those time intervals allowed by the (pulsed) pump laser, and occasionally emitting two or even more photon pairs, although the probability for higher order contributions is usually kept small. While other approaches exist, see e.g. [2] , parametric down conversion is the most common way to produce entangled photon pairs.
In PDC, a crystal with an appreciably large χ (2) nonlinearity is pumped by a laser field.
Each of the pump photons can spontaneously decay into a pair of identical (degenerate PDC) or nonidentical photons (nondegenerate PDC). The rate of pair generation using PDC is proportional to the χ (2) nonlinearity, the strength of the classical pump field and the interaction time. As shown in [25] , a PDC process can be described and mathematically
represented by a one-parameter SU(1,1) transformation of the vacuum state:
Here,K x is one of the generators {K x ,K y ,K z } of the SU(1,1) group defined by the commutator relations
For instance, in the case of type-I nondegenerate PDC, in which a pair of photons is created in the same polarization, and which we will consider throughout this paper, this generator is given by the following two-boson realization:
whereâ V andb V are the annihilation operators corresponding to vertical polarizations of two different spatial modes a and b.
As we can see, the resultant generated quantum state is not just a pair of photons, but a superposition of photon number states which particularly also includes the vacuum, pairsof-pairs, and even higher order contributions. For small values of γ, the quantum state (1) after a type-I nondegenerate PDC can be approximated as
where the Fock notation |ijkl represents a state with i, j, k, l photons in the a H , a V , b V , b H modes, respectively. Please become aware of the chosen order "HV V H". This convention will turn out to be convenient with regard to the description of entanglement swapping, as it coincides with the order of labels of the corresponding detection events in the readout (qrst)
of the Bell-state measurement, cf. Fig. 1 . The role of the vacuum state in the superposition (4) is to allow for the particular feature that the generation of the desired photon pair occurs at random instances of time.
To be more precise, a photon-pair emission happens to be random within those periods of time, during which a pump laser field propagates through the crystal. That is, when a pump pulse is sent, it will either lead to down conversion or not. There is a high probability that PDC will not take place at all. The strong vacuum component implies this. It is for sure, though, that there cannot be down-converted photonpair creations during time intervals between two successive laser pulses, i.e. when there is no laser field propagating through the crystal. The randomness of photon-pair production can be decreased by using a crystal with a larger χ (2) nonlinearity or stronger pump fields, but this also happens at the cost of increased probability of the emission of multi-pairs of photons, which is disadvantageous and to be avoided as far as possible. On the other hand, multi-pair-emission events can never be completely excluded.
For entanglement swapping, two PDC sources are required. As introduced above, the two different spatial modes of the first and of the second PDC source are labeled by a and b, and by c and d, respectively. In addition, the photons emitted by each source can have two mutually exclusive polarizations. We label them by H and V , corresponding to horizontal and vertical polarizations. Moreover, any symmetrical superposition of horizontal and vertical polarizations is possible. They have to be regarded as quantum alternatives and taken into account coherently. In this paper, we assume a type-I nondegenerate PDC for both sources. Furthermore, we elaborate our theory for polarization entanglement. The preparation of polarization-entangled photon pairs can be experimentally realized using a pair of identical crystals stacked together such that their axes are orthogonal to each other, whereas the pump laser is diagonally polarized. Such a combination of two crystals effectively creates a PDC source producing two-mode squeezed states of the form given by Eq.
(1) in each of the two orthogonal polarizations, with generators as given by Eq. (3) and the equivalent form for the H polarization. The total quantum state prepared by two PDC sources of this kind is then mathematically represented as:
We parameterize the generated quantum state by χ = γ/2 ∈ R. Since χ is usually much smaller than one, the value χ 2 is the photon-pair production rate of the PDC source, sometimes also referred to as its brightness. We will also call χ the efficiency of the source. In this paper we assume the same efficiency for both PDC sources. Too small values of χ lead to a strong vacuum contribution, so that most of the time the sources do not emit any photon pairs. As the value of χ increases the pollution from higher down-conversions becomes more and more important, see also [26] .
For the purpose of doing quantum optical calculations, it is convenient to express the state (5) in a normal-ordered form. This can be done as follows. Following [27, 28] , given two independent bosonic modes a and b, we may choose a different basis of generators as compared to the basis in (2) in order to obtain a two-mode bosonic representation of the su(1,1) Lie algebra:K
The new generator basis {K 0 ,K + ,K − } of the su(1,1) Lie algebra satisfies the following commutator relations:
According to [27, 28] , the following normal-order decomposition formula holds for exponential functions of the generators of the su(1,1) Lie algebra:
where A 0 , A ± are given by:
Using this decomposition rule we can derive the following special case which we need for our purpose:
where we introduced the definitions:
Each of the four factors in Eq. (5) is of this form and can be decomposed in this way.
By doing so and using the fact that creation and annihilation operators corresponding to different optical modes commute, we arrive at:
It is easy to see that the last two exponential factors acting on the vacuum state leave the latter unchanged. We are thus left with:
This is the normal-ordered form of the quantum state generated by the two PDC sources.
C. Modeling imperfect detectors
We now present our theory of detectors which we apply to practical entanglement swapping. We begin with the description of ideal photon-number discriminating detectors and then stepwise allow for practical deficiencies. As a first step we take into account detector inefficiencies disregarding dark counts. In a second step we provide a detector model which also includes dark counts. By this means we get a theoretical description of photon-number discriminating detectors that are inefficient and subject to dark counts. Eventually, we will also have to acquiesce to the fact that most of the detectors presently available in laboratories cannot discriminate photon numbers, but instead effectively measure whether there are no photons or at least one photon in a mode. These kind of detectors are referred to as threshold detectors [29] . Finally, we explain our Bayesian inference approach which enables us to calculate the resultant quantum state after entanglement swapping in a realistic situation with imperfect detectors given the knowledge of it in the hypothetical ideal-detector scenario.
Unit-efficiency photon-number discriminating detectors with no dark counts
Ideally, we would like to have a unit-efficiency, photon-counting detector that exhibits no dark counts. Such a detector never clicks when there is vacuum and always clicks when-ever there are photons present in a certain mode, and the strength of the click provides information about the number of photons. Following [29] , we refer to such a detector as an ideal, photon-number discriminating detector. It is mathematically represented by a photon-counting projection-valued measure (PVM):
with respect to the Fock state basis {|n , n ∈ N 0 } of a certain mode.
Inefficient photon-number discriminating detectors with no dark counts
In practice, however, detectors always have a non-unit efficiency, meaning that even if photons are incident into the detector it has a finite probability not to trigger a click event.
Throughout the paper, we denote the efficiency of a detector by η, with 0 ≤ η ≤ 1, where η = 1 means a 100% efficiency. Following [30] , we model a detector efficiency η by preceding a perfect, unit-efficiency detector with a beamsplitter possessing the transmittance η. This is illustrated in Fig. 2 , if we replace there the thermal state in the second beamsplitter port by the vacuum state. Ifρ sig is the input quantum state of the signal mode andÛ BS (η)
represents the unitary evolution corresponding to the beamsplitter transformation in the Schrödinger picture, then the probability to detect q photons, where q ∈ N 0 , is given by
where we first trace over the reflected mode then apply the PVM (17) and finally take the trace with respect to the transmitted mode incident upon the perfect detector. Hereby we made the agreement that "reflection" and "transmission" refer to the signal mode.
For the purpose of this article, it is particularly important to expand on the special case in which the signal state is a photon number Fock state:ρ sig = |i i|. Given this input state, the conditional probability to measure q photons with a unit-efficiency detector would be p η=1 (q|i) = δ qi , whereas the conditional probability with an η-efficiency detector (η = 1) amounts to:
Thus, the conditional probability to detect q photons given that i photons are incident upon a non-unit efficiency detector is a Bernoulli distribution, as intuitively expected. Clearly, in order to be able to detect q photons, the number i of incident photons must not be smaller than q, as we have not allowed for dark counts yet.
Before we continue, we would like to note that the detector efficiencies η of our theory are intended to take into account as much as possible all inefficiencies of the experiment.
In particular, photon transmission losses, e.g., in fibers, filters, and other optical elements preceding a detector, can always be included in an effective efficiency of the detector. Thus, the efficiencies η of our model are to be understood as effective efficiencies comprising the proper intrinsic detector efficiencies as well as all kind of other losses.
Inefficient photon-number discriminating detectors with dark counts
We proceed by including the possibility of dark counts. We simulate dark counts by assuming the environment to be not in the vacuum state but in a thermal state of the form:
This density operator models a thermal source with an average photon number Tr(ρ Tn ) = sinh 2 r and a pseudo temperature T = ω/(k B ln[coth 2 r]). Thus, instead of assuming a vacuum state to be incident on the unused beamsplitter port, we combine our signal mode which is to be measured with a thermal state (20) at the beamsplitter with transmissivity η. Our detector model is illustrated in Fig. 2 .
The physical motivation behind this model is the association that the origin of dark counts stems from stray photons incident onto the detector from the environment. Furthermore, since the imperfect detector to be modeled has a non-unit efficiency, not all of the photons of the signal mode nor all photons from the thermal radiation cause a click in the detector, but just a fraction of them. This is effectively modeled by a beamsplitter whose transmittance η is intended to represent the non-unit efficiency, followed by a subsequent perfect detector with unit-efficiency and no dark counts. Let us stress, however, that the thermal radiation intended to be responsible for dark counts is entirely fictitious and does not have to correspond to a real, actually existing photonic field. Any source of noise causing dark counts of the detector, e.g. electrical noise inside the detector, etc., can be effectively simulated by The perfect detector is assumed to be a unit-efficiency photon detector with no dark counts. We will make a distinction of two cases. In the first instance we will assume the perfect detector to be photon-number discriminating. Later we consider the case where the perfect detector is a unit-efficiency threshold detector.
an imaginary thermal photonic field coupling into the detector from the environment via a beam splitter. This has been proven for homodyne detection by Appel et al. in [31] .
As will be shown in the appendix A, the probability for a dark count in a non-ideal threshold detector amounts to
For any 0 ≤ η ≤ 1, we can always find a pseudo-temperature T = T (r) to model any arbitrary value of ℘ dc . The case η = 1 seems to exclude a non-vanishing ℘ dc = 0. However, we may take the simultaneous limit η → 1 and T → ∞ in such a way that any dark count probability is kept fixed.
Using this detector model, we can calculate the conditional probability to detect q ∈ N 0 photons with a photon-number discriminating detector possessing arbitrary efficiency η and any dark count probability ℘ dc , given an input quantum stateρ sig of the signal mode, according to:
Again, we use the convention that "reflection" and "transmission" refer to the signal mode.
Furthermore, throughout the article, the subscripts η and ℘ dc are used to express dependence on detector efficiency and dark count probability. For the purpose of this paper, it is sufficient to know the conditional probabilities for the particular input quantum statesρ sig = |i i|,
i.e. Fock states. We are therefore interested in p η,℘ dc (q|i), with i, q ∈ N 0 , which is the conditional probability to detect q photons given that i photons are incident upon a photonnumber discriminating detector with efficiency η and dark count probability ℘ dc . Please note that now, due to dark counts, q may be greater than i. A derivation of these probabilities constitutes a significant technical part of the present work and can be found in the appendix B. The result reads:
where
and the function G(·, ·; η, ℘ dc ) : N 2 0 → R is given as follows. For κ, λ ∈ N 0 , κ ≥ λ, we define:
and G(κ, λ; η, ℘ dc ) := 0 in the case κ < λ.
Here and in what follows, 2 F 1 (·, ·, ; · ; ·) denotes the Hypergeometric function which is defined as
where (a) n := Γ(a + n)/Γ(a) is the Pochhammer symbol, and Γ(·) is the Gamma function.
Please note that for q = i the two results in Eq. (23) coincide.
Inefficient threshold detectors with dark counts
If we go a step further and acquiesce to the fact that photon-number discriminating detectors are a technological challenge and their realization is still in its infancy (however, see [32, 33] ), then, to provide a description of entanglement swapping of the most practical relevance, we have to consider threshold detectors [29] . Ideally, such detectors effectively measure whether there are no photons or at least one photon in a mode. Following [29] , we refer to a unit-efficiency threshold detector with no dark counts as an ideal threshold detector (ITD). Thus, an ITD is mathematically described by the PVM
Inefficient threshold detectors with dark counts are contrived using the same detector model as above, but now with D id in Fig. 2 being an ITD instead of an ideal photon-counting detector. The relevant conditional probabilities are obtained in the same manner as above, using Eq. (22), but now with q being either the event "no click" or the complementary event "click", corresponding to the PVM elementsΠ 0 orΠ >0 , respectively. Again, for the purpose of entanglement swapping, we would like to know these conditional probabilities particularly for the signal input quantum statesρ sig = |i i|. The conditional probability of recording "no click" by a threshold detector with efficiency η and dark count probability ℘ dc given that i photons are incident upon it, can be directly obtained from the result (23) by setting q = 0. And the probability for the complementary event "click" is just one minus the latter probability:
Bayesian updating based on evidence obtained by imperfect detectors
In order to provide the resultant mixed quantum state of the remaining modes a and d depending on the result (qrst) of a Bell-state measurement on the c and b modes with imperfect detectors including the presence of dark counts, we proceed in the fashion of Bayesian inference and reasoning. We first assume the notional ideal situation that the detectors used for the Bell-state measurement are unit-efficiency photon-number discriminating detectors with no dark counts. In this hypothetical case we know how to calculate the probability for a certain measurement readout (ijkl) of the perfectly accurate Bell-state measurement as well as the corresponding resultant pure quantum state, denoted by |Φ ijkl , of the remaining modes a and d after the measurement, using von Neumann's projection postulate [34] . We use this information as our hypothesis prior to observing evidence in the real experiment.
The probability p(ijkl) is our prior probability of the hypothesis that the resultant quantum state of the remaining modes a and d after the Bell measurement is given by |Φ ijkl .
Before we proceed, we would like to make the following agreement. Throughout the paper we agree upon using the letters q, r, s, t to denote the readouts of measurements using imperfect detectors, and the letters i, j, k, l to label results of hypothetical measurements employing perfect photon-number discriminating detectors. As for imperfect detectors, we differentiate between photon-number discriminating detectors and threshold detectors. In the first case q, r, s, t ∈ N 0 , in the latter case q, r, s, t ∈ {"no click", "click"}.
Given an actual detector readout (qrst) of an imperfect Bell measurement with inaccurate detectors including the presence of dark counts, we infer what an ideal four-tuple of detectors would have yielded, i.e., readout (ijkl), with probability P qrst ijkl := p(ijkl|qrst). In the language of Bayesianism, after the evidence (qrst) has been observed by an imperfect Bell measurement, we update our knowledge with regard to the hypothesis according to Bayes' theorem, by means of which we can calculate the posterior probability of the hypothesis (ijkl)
given the obtained evidence (qrst):
Here, p(qrst|ijkl) indicates the conditional probability for obtaining the evidence (qrst)
given that the hypothesis (ijkl) would have happened to be true, if the detectors of our Bellstate measurement had been ideal. It is important to realize that p(qrst|ijkl) is equivalent to the conditional probability of recording the readout (qrst) given that exactly i, j, k and l photons are incident onto the four non-ideal detectors of the Bell-state measurement.
Hence, the resultant quantum state of the remaining modes a and d after recording the actual readout (qrst) at the inefficient detectors, is a mixed state of the form
In the next section we provide closed-form expressions for the conditional probabilities P qrst ijkl depending on the experimental parameters χ, η and ℘ dc . In the first instance we assume imperfect photon-number discriminating detectors, i.e. detectors that realize a photon-counting PVM but are in general inefficient (η ≤ 1), and have a non-zero dark-count probability ℘ dc = 0. As our next step we consider imperfect threshold detectors. Again, in the style of Bayesian reasoning we upgrade our probabilities of the density operator (31) using the evidence that the measurement outcomes q, r, s, t of a Bell-state measurement with threshold detectors can be either "no click" or "click". The resultant quantum state obtained in this way is the most relevant result, as it refers to the most common practical situation, namely entanglement swapping using ordinary inaccurate threshold detectors.
D. Quantum state after entanglement swapping
Using the tools presented in the previous sections we are now in a position to derive the resultant quantum state (31) after a realistic entanglement swapping with imperfect sources and imperfect detectors.
We start with the quantum state provided by the two PDC sources, Eq. to modes b and c using the rule [35] b
and similarly for the vertical polarization, the resulting four-mode quantum stateÛ B |χ is to be projected onto the subspace corresponding to the projector
The modes c 
with the first factor being the Fock state with i, j, k, l photons in the modes c
Since the photons of the c and b modes are destroyed in the measurement process, we discard the first factor of Eq. (34). The second factor, |Φ ijkl , is the resultant pure state of the remaining a and d modes: The corresponding probability of the hypothetical ideal measurement readout (ijkl) is given by:
In an actual experiment, however, detectors have an efficiency which is appreciably less than 100% and in addition exhibit dark counts. Given an actual detector readout (qrst) of an imperfect Bell measurement with faulty photon-number discriminating detectors characterized by efficiency η < 1 and dark count probability ℘ dc , we do not know the corresponding resultant post-measurement pure quantum state for the remaining a and d modes nor the probability of its occurrence. We can, however, calculate the posterior conditional probability for any readout (ijkl) an ideal four-tuple of detectors would have yielded, i.e., the probability P qrst ijkl (η, ℘ dc ) ≡ p η,℘ dc (ijkl|qrst). As explained in the previous section, this is done using Bayes' theorem (30), according to which we achieve our goal if we know the conditional probabilities p η,℘ dc (qrst|ijkl) for all possible events (ijkl) ∈ N 4 0 . Since the four detectors are statistically independent from one another, these probabilities factorize into four terms:
where each of these factors is given by the expression (23) . The factorization of the conditional probabilities together with result (36) imply a factorization of the posterior probabilities of Eq. (30):
where we now explicitely express their dependence on the experimental parameters χ, η and ℘ dc . By inserting result (36) and our physical assumption (37) into (30), we have:
and equivalent formulae for f
. By inserting (23) into (39) we finally obtain the following exact closed-form solution:
with the common denominator
and similar expressions for f r j (χ, η, ℘ dc ), f s k (χ, η, ℘ dc ) and f t l (χ, η, ℘ dc ). Eqs. (38) , (40) and (41) form our result for photon-number discriminating detectors. Knowing the probabilities P qrst ijkl (χ, η, ℘ dc ) for all possible hypothetical readouts (ijkl) with i, j, k, l ∈ N 0 allows computation of the mixed quantum state (31) for the remaining a and d modes after an imperfect Bell measurement with measurement result (qrst) using photon-number discriminating detectors with efficiency η and dark count probability ℘ dc .
Let us consider the special case when dark counts are absent, i.e. ℘ dc = 0. With Eq. . According to our general result (40) the absence of dark counts, ℘ dc = 0, implies i ≥ q, again as b(η, ℘ dc = 0) must be zero, and we obtain:
i.e., we get the result:
If we also let the efficiency η go to unity, η → 1, we arrive at:
where δ qi is the Kronecker delta symbol. This is also what one should expect in the ideal case of perfect detectors with no dark counts. Please note, that with η → 1 we have also implicitly assumed that there are no transmission losses between the sources and detectors.
Acquiescing to the fact that photon-number discriminating detectors are still a technological challenge, we now consider the more practical situation of threshold detectors, in which case the events (qrst) of the Bell measurement consist of readouts q, r, s, t ∈ {"no click", "click"}. The conditional probabilities are given by (28) and (29) . Calculation of the functions f q i (χ, η, ℘ dc ) in Eq. (39) yields the following result:
where we have introduced the definition:
Eq. (38) together with (45 -47) form our result for threshold detectors. Please note, that in the ideal case, η = 1 and ℘ dc = 0, our result reduces to what we should expect:
and
As for the peculiar non-relevant marginal situation η = 0 and ℘ dc = 0, we note that in this case there can be no click events, so that f into four terms corresponding to the four independent detectors, cf. Eq. (38) . An obvious generalization of our results is to allow different efficiencies as well as different dark count probabilities for the four detectors. The derivation is very similar and the result reads:
where η ν and ℘ dc ν , ν = 1, 2, 3, 4, denote the arbitrary and in general different efficiencies and dark count probabilities of the four detectors. The functions f m n (χ, η ν , ℘ dc ν ) are given either by the result (40) in the case of photon-number discriminating detectors or by (45, 46) in the case of threshold detectors.
III. COMPARISON WITH EXPERIMENTAL ENTANGLEMENT SWAPPING
To evaluate the value of our model we test it against results of real entanglement swapping experiments [36] [37] [38] . In these experiments entanglement verification is accomplished either by observing the visibility of four-fold coincidences of four threshold detectors (two for the Bell-state measurement and two for monitoring the modes a and d, one on each side), obtained via variable polarization directions of analyzers, or by measuring certain correlation coefficients for polarization related to tests of the CHSH Bell inequality [39] . Assuming the resultant quantum state of the photons of the remaining modes a and d to be given by a Werner state, cf. [40] ,ρ
where |ψ T is some target Bell state, the visibility is directly connected to the fidelity F = ψ T |ρ qrst |ψ T via the relation (cf. [38] ):
Let us emphasize, however, that the assumption (52) The relation between visibility and the correlation coefficient S of the CHSH Bell inequality
To simulate a four-fold coincidence experiment and provide predictions for the visibility we proceed as follows. In accordance with the experimental situation of references [36, 38] we choose to consider four-fold coincidence events in which the result of the Bell measurement on the b and c modes corresponds -in the ideal case scenario -to a projection onto the Bell state
According to the common argument on entanglement swapping, this would mean that the remaining modes a and d are left in the same Bell state, i.e. |Ψ − ad . To verify this entangled state by measurements on the a and d modes is the objective of the experiment of [36] . The experimental situations in references [37, 38] According to (35) we obtain
Thus, apart from the expected Bell state |ψ − ad , we get another term superposed to it, namely a superposition of two photons being in the a mode (in different polarizations of the latter) and no photons in the d mode and vice versa. This is also understandable intuitively. There are three quantum alternatives contributing to the event (qrst) = (1010) of the Bell measurement: (i) each PDC source emits exactly one photon-pair; (ii) the "first" PDC source produces vacuum and the "second" source two (independent) photon pairs; (iii) the "first" PDC source produces two photon pairs and the "second" source vacuum.
The probability of each of these three alternatives is proportional to χ 4 , which also explains why the resultant normalized quantum state (55) of the remaining modes a and d does not depend on χ. Only the alternative (i) leads to the desired Bell state |ψ − ad , whereas the other two alternatives (ii) and (iii) entail the second term in (55). For this feature see also [42] . 
the post-selected quantum state is defined as:
The fidelity
fulfills the relation (53), (see [38] ).
Our scheme for entanglement verification via four-fold coincidence measurements is very similar to the experimental setup in [36] . It is illustrated in Fig. 3 . We implement variable polarization measurements on both modes a and d by introducing polarization rotators (PR) into their spatial paths prior to polarizing beam-splitters and threshold detectors. 
In what follows, we provide the probability for four-fold coincidences using our model for practical entanglement swapping. Mathematically, the polarization rotators acting on the a and d modes are represented by the unitary operatorŝ
withα,δ ∈ R and the generators of rotation
Here the anglesα andδ are rotation angles of the Bloch vectors on the Bloch sphere and not of the polarization vectors in real space. As mentioned above, the former are related to the latter viaα = 2α ,δ = 2δ.
Given an event (q 1 r 1 s 1 t 1 ) of an imperfect Bell measurement on modes b and c, the conditional probability that polarization measurements on the a and d modes would have yielded the result (i 2 j 2 k 2 l 2 ), if the detectors had been ideal, is given by
ν }, {℘
(1) where we have used Eq. (31) and introduced the transition probabilities
The conditional probability to observe the event (q 2 r 2 s 2 t 2 ) with non-ideal, imperfect detectors, given an event (q 1 r 1 s 1 t 1 ) of a non-ideal Bell measurement on modes b and c, is denoted and calculated as:
(1)
dcν },α,δ := prob (q 2 r 2 s 2 t 2 |q 1 r 1 s 1 t 1 ) =
For numerical simulations we need to know the transition probabilities (64). An explicit analytic expression is provided in the appendix C. This result together with Eqs. (51) and (45-47) enable us to calculate numerically the probabilities for four-fold coincidences. As explained above, we condition on obtaining the readout (1 c ′ In order to compare our predictions with experimental entanglement swapping, we have to choose the same experimental parameter values χ, {η
(1) ν }, {η (2) ν }, {℘
(1) dcν }, {℘ (2) dcν } as in the experiment. It is important to emphasize that the detector efficiencies η of our theory are to be considered as effective efficiencies that also include transmission and other losses, cf. Sec. II C 2.
While we have developed our theory with entanglement swapping of polarization qubits as an intuitive example, it obviously also holds for any other realization of qubits, e.g. timebin qubits [22] . In the following we compare the predictions of our theory with a recent experiment on time-bin entanglement swapping [38] , which explicitly mentions all required parameters related to the PDC sources, transmission line and detectors. Fig. 4 and Fig. 5 demonstrate results of our numerical simulations of four-fold coincidences with reference to experimental conditions of [38] . The conditions of this experiment are given by the following approximate values: χ ≈ √ 0, 06 ≈ 0.24, η
1,2 = 0.045, η
3,4 = 0.135, η
1,2,3,4 = 0.04 and ℘ . These values refer to the experimental situation of [38] . The left image displays the functional dependence for very small χ values, the right image reveals the behavior for appreciably large values of χ. For χ ≈ 0.24, which is the value found in the experiment [38] , our numerical simulation (curve) yields the visibility V th = 77.7%. The experimental result V exp = (80 ± 4)% of [38] is depicted by means of an ±4% error bar. A very good agreement is achieved. Our result also clearly demonstrates that the chosen photon-pair production rate belongs to a region with a rapidly decreasing visibility, thus being already far beyond its optimal value.
curves that are 90
• out of phase, one curve for anti-correlated polarization readouts ("D As anticipated, the probability to detect anti-correlated polarizations for the a and d modes attains its maximum for δ = α = π/4 and its minimum for δ = α + π/2 = 3π/4. Complementary to this, the probability to detect correlated polarizations has its maximum for δ = α + π/2 = 3π/4 and its minimum for δ = α = π/4. This is the characteristic entanglement property of the Bell state |Ψ − ad . The calculated visibility amounts to V th = 77.7%. This is in respectably good agreement with the experimentally achieved visibility V exp = (80 ± 4)% of [38] . We have also compared the predictions of our model with the experimental data from the polarization entanglement swapping experiment reported in [37] . In this case, using χ =0.05 (which can be calculated from reported count rates, transmission loss and detector quantum efficiencies), we find V th = 98%. Note that the experimentally obtained visibility, To analyze how entanglement is affected by detector imperfections, we have calculated the visibility V η,℘ dc (χ) as a function of χ for various detector efficiencies η and dark count probabilities ℘ dc . To keep the analysis simple, we have assumed the same efficiencies and dark count probabilities for all detectors involved in the experimental setting. The dependence on η and ℘ dc is illustrated in Fig. 6 and Fig. 7 . It is interesting to observe that, according to our theory, for reasonable low dark count probabilities (℘ dc ≤ 10 −4 ) there is a region of χ-values such that the visibility can be made very close to 100% even for low detector efficiencies. Given any detector efficiencies and dark counts, our model makes it possible to provide the optimal photon-pair production rate in order to achieve high entanglement after entanglement swapping. This is a valuable result. An important conclusion that can be drawn from our investigations is the feature that high photon-pair production rates are counter-productive. One should not exceed values of about χ = 5 × 10 −2 . Higher χ values lead to a decreasing entanglement in the final quantum state after entanglement swapping and as such have an adverse impact. Yet, depending on the application, V may not be the appropriate figure of merit to optimize.
First, in the here discussed proof-of-principle entanglement swapping experiments, the goal was to demonstrate a violation of the CHSH Bell inequality, rather than to maximize the violation. An important concern was thus to limit the time it took to take the data, generally many days. For the experiment [38] we referred to in Fig. 5 , this has resulted in source brightnesses χ exceeding the value required for maximum visibility.
As a second example where the visibility is not the relevant quantity to optimize, let us briefly consider QKD. Here, the figure of merit is the secret key rate, which scales in a nontrivial way with the visibility and with the number of detected coincidences [13] . For the highest possible key rate, an optimal trade-off between the production rate of final entangled pairs, and visibility (i.e. amount of entanglement) has to be achieved. Hence, reducing the brightness of the PDC sources to a value that results in a maximum for V does in general not lead to a maximum secret key rate.
IV. CONCLUSION
Within the scope of our theory of practical entanglement swapping we have derived the actual quantum state of the remaining a and d modes depending on the result of a noisy
Bell measurement with imperfect detectors and probabilistic sources. The main achievement consists in our ability to provide this quantum state for any given photon-pair production rate χ, any given detector efficiency η and any reasonable dark-count probability ℘ dc . In deriving our results we have made a distinction between photon-number discriminating detectors and threshold detectors. The calculated quantum state allows us to make predictions with regard to any quantity of interest. In particular, we can calculate the entanglement of the remaining modes, parameterized in terms of the visibility obtained in coincidence measurements, depending on the experimental parameters χ, η and ℘ dc .
Predictions of our theory have proved to be in close accord with experimental entanglement swapping. Our numerical simulations of certain four-fold coincidences between four threshold detectors demonstrate a remarkably good agreement with a recent entanglement swapping experiment reported in [38] .
Furthermore, our theory provides a very useful functional relation between entanglement, quantified, e.g., by the visibility of four-fold coincidences, and the square root of the photonpair production rate χ. The latter is an essential experimental quantity in long-distance quantum key distribution based on protocols that employ quantum relays and repeater.
The secret key rate, or equivalently the quantum bit error rate referred to as QBER, depend crucially on the photon-pair creation rate χ. In our opinion, there sometimes is a tendency among scientists working on experimental QKD to aim at achieving brighter PDC sources due to the prevailed conception that higher photon-pair production rates lead to higher sifted-key rates. Here it should be realized, however, that it is not the source brightness itself that matters, but rather the production rate of final entangled photon-pairs after the swapping protocol, with their quantum correlations being as close as possible to that of Bell states. Our results indicate that in some experiments the optimal value of χ might eventually be exceeded. The investigations presented in section III suggest that, for a visibility of at least 97%, the photon-pair creation rates should not be chosen much greater than χ = 0.05.
Higher values decrease the entanglement present after swapping, due to undesired multi-pair events from the same source, thus implying an increasing QBER. Hence, our results allow us to suggest the implications of the imperfections on schemes using entanglement swapping as a fundamental tool.
It should be emphasized, however, that, depending on the application, the amount of entanglement, as quantified by V , is not always the appropriate quantity to be made maximal. In QKD, for instance, the figure of merit is given by the secret key rate R sec , and the non-trivial dependence of the latter on χ and the visibility V , cf. e.g. [13] , suggests that the optimal χ values with respect to QKD are not necessarily those which yield the highest visibility of entanglement swapping. Nevertheless, we believe that the methods of the present work will prove very useful in finding the optimal photon-pair production rates with regard to achieving optimal secret-key rates in long distance, quantum repeater based QKD. As a first step into this direction we will have to generalize our results to several concatenated noisy entanglement swappings, and then examine the scaling properties with the number of these segments in the iteration.
In our future considerations we also plan to investigate the issue whether the optimal χ can be shifted to higher values by using photon-number discriminating detectors instead of threshold detectors for the Bell-state measurement. To understand the intuition, let us briefly discuss the events where a coincidence detection in two threshold detectors in modes b ′ and c ′ is interpreted as a projection onto a Bell state. For threshold detectors, a fraction of these cases originates from two photons impinging on one detector, and one photon impinging on the other detector. These undesired but not identifiable events result in a reduction of the swapped entanglement, i.e. visibility. Unit efficiency photon-number discriminating detectors would allow identifying and discarding these events, which leads to a higher visibility for equal source brightness, or, conversely, allows increasing the brightness while keeping the visibility constant. And so would do imperfect photon-number discriminating detectors to some extent. This conjecture is worth analyzing in view of promising technological advancements in research on photon-counting detectors [32, 33] . Obviously, though, if the PDC sources are too bright, events where only one click is detected at each output will be rare, and the production rate of final entangled pairs after the entanglement swapping operation will be low.
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V. APPENDIX
A. Dark count probability ℘ dc
Throughout the paper we characterize dark counts in terms of the experimental parameter ℘ dc , which is defined to be the probability of a dark count event per detection window in a non-ideal threshold detector. Within our detector model, Eq. (21) provides ℘ dc as a function of the parameter r , or equivalently the pseudo temperature of the thermal source (20) . To derive this relation, let us consider our detector model as depicted in Fig. 2 and at first assume the ideal photon-detector D id to be photon-number discriminating. Furthermore, we also suppose the signal mode to be in the vacuum state:ρ sig = |vac vac|. Then, the probability of detecting k dark count photons in the detector D id is obtained by applying the beam-splitter transformationÛ BS (η) to the state |vac vac| ⊗ρ T , followed by tracing over the reflected mode and projecting the transmitted mode onto the Fock state |k , and finally tracing over the latter mode. Hereby "reflection" and "transmission" refer to the signal mode. Thus, with the notationb (η, r) := η tanh 2 r , 
where we usedΠ k = |k k| and the definition (20) of the thermal stateρ T . Since 0 ≤ b(η, r) < 1, we may apply the Lemma
which can be found in [43] . 
To obtain the probability for a dark count event in a photon-detector that does not discriminate between photon numbers, we have to sum over all integers k = 0:
prob("k dark count photons") 
we finally get
which is the result (21) . Using this relation, we can express the function (66) in terms of η and ℘ dc rather than η and r:
b(η, ℘ dc ) :=b (η, r(η, ℘ dc )) = η tanh 2 r = 1 + 1 − η η℘ dc
which is Eq. (24) . 
It is important to recognize that Ω(η, i, q, n) = 0 unless i ≥ q − n. This is intuitively understandable: the number q of detected photons in D id cannot be greater than the sum i + n of incident signal and thermal photons. To proceed, we have to distinguish two cases:
i ≥ q and i < q. It is easily seen that in the case i ≥ q we have Ω(η, i, q, n) = i q 2 F 1 −n, −q ; i − q + 1 ;
where 2 F 1 (·, ·; ·; ·) is the Hypergeometric function as defined in (26) . In the second case, q > i, we obtain: Ω(η, i, q, n) = 
In the last step, after renaming the index of summation, m → n, we made use of the permutation-symmetry property of Hypergeometric functions:
2 F 1 (α, β; γ; z) = 2 F 1 (β, α; γ; z) .
In this way a partial symmetry between the two results (84) and (85) is achieved. Please note that the result (85) is valid also for q = i, as in this case the right-hand side expressions of (84) and (85) coincide.
We would now like to replace the dependence on the parameter r of the thermal source by a dependence on the dark count probability. The latter emerges in the following manner.
We replace the functionb(η, r) by b(η, ℘ dc ) according to Eq. (73) and use Eq. (21) to make the replacement 1
Finally, by introducing the definition (25), we arrive at the result provided in Eq. (23). 
